For planar and cubic Ising models, we examined two ways of approximation of a spectral density that describes a degeneracy of energy levels. We approximated the exponent of the spectral density by polynomials of even degrees and using our n-vicinity method [8, 9] . According our analysis, the free energy is almost independent of the chosen method of approximation. However, its derivatives depend on the way of approximation and substantially differ in the neighborhood of a critical temperature. Our calculations showed that when approximating by polynomials the system necessarily finds itself in the ground state at a finite temperature, which is forbidden. The n-vicinity method approximates the derivatives of the free energy correctly for the cubic Ising model and it works poorly in the planar case.
Introduction
The most natural way to calculate a partition function   We can try to approximate the spectral density   r D with the aid of one or another method. In the present paper, we compare the results obtained when approximating   r D by an approximation by polynomial and the n-vicinity method.
In Sections 2 and 3, we discuss the planar Ising model. We begin Section 2 with calculation of the free energy using the exact Onsager result [3] . After that, basing on the obtained free energy we restore the exact spectral density [4] [5] [6] . We used it as a reference when comparing two methods of approximation analyzed in this publication.
Concluding Section 2, following [7] we discuss an approximation of the spectral density by polynomials. The main points of the approximation by polynomials are as follows. Let us agree to write the spectral density as an exponent
, where the quantity r  in the exponent we call the exponent of the spectral density. In [7] for the planar and cubic Ising models, they simulated the distributions   r D and found that for large dimensions (  is a variance), they found that at the tails the value of r  differed from r g significantly. In other words, the Gaussian density does not approximate the simulated distribution correctly. After that, in [7] they tried to approximate r  most accurately by polynomials of even degrees:
In the case of the planar Ising model, for a correct approximation it is enough to use the first three summons in Eq.
(1.2), however for the cubic Ising model all the summons have to be taken into account. In [7] , fitting the constants in Eq. (1.2) the authors obtained a suitable approximation of the spectral density, calculated the free energy and analyzed its behavior. The critical value of the inverse temperature they found within the accuracy of 12%. We used the approximation (1.2) and repeated computer simulations presented in [7] . After a detailed analysis, we determined that at a finite temperature the system found itself in the ground state (and that contradicts to the general physical principles). In addition, the approximation (1.2) leads to a phase transition of the first kind, which contradicts to the exact Onsager solution. We conclude Section 2 by a presentation of the obtained results.
In Section 3, we present another way of approximation of   r D . This is the n-vicinity method we developed in [8, 9] . In the framework of this method, we choose an initial configuration 0  N sR and all other configurations we group in its n-vicinities Here the subscript "nv" denotes the n-vicinity. Justification of the n-vicinity method we published in [8] , the boundaries of its applicability for Ising models on hypercubes we analyzed in [9] . In Section 3, for the planar Ising model we discuss the results following from this approach. It also predicts the phase transition of the first kind but there is no a transition to the ground state at a finite temperature.
In Section 4, we present the results relating to the cubic Ising model. Because of the absence of an exact expression for the free energy, we can only compare the both approximate spectral densities () nv DE and () pl DE and the corresponding free energies (the subscript "pl" denotes the approximation by polynomials). As for the planar Ising model in this case the approximation by polynomials also provides incorrect results. On the contrary, the approximation by means of the n-vicinity method coincides well with the widely accepted results of computer simulations [10] .
The discussion and conclusions are in Section 5. We explain why the transition to the ground state at a finite temperature is an unavoidable defect intrinsic to the approximation by polynomials. We also discuss a possibility to improve the n-vicinity method.
In Appendix we present the details of the calculations.
Notations.
In what follows we calculate the energy per one spin, i. e.
We analyze the simplest variants of the planar and the cubic Ising models. This means that only the nearest spins interact, the interaction constant 1 J  , and the boundary conditions are periodic. In the n-vicinity method we take the ground state as an initial configuration:
. Each spin has 2 qd  nearest neighbors; d is a dimension of the lattice. The energy of the ground state is:
In 
Planar Ising model: approximation by polynomials
In this Section, we, first, calculate the exact spectral density 
In other words, at the ends of the energy interval the exponent () E  must tend to zero.
As known, the second derivative of the free energy is proportional to the variance of the energy distribution at the given temperature taken with the opposite sign. The variance cannot be negative and this defines the sign in the inequality (2.4). Note, since the second derivative () E
These expressions will be useful in what follows. 
Approximation of spectral density by polynomials
Simulating the spectral density for the planar Ising model authors of [7] showed that with high accuracy they could approximate it by the fourth order polynomial   24 26 ( )~exp ( ) , ( ) ln 2 ,
In Fig. 2 
tends to infinity (see Appendix). We will see later that the finite value of the derivative
is the reason why the system finds itself in the ground state at a finite temperature. Such a behavior of the system makes no physical sense. In the case of the exact spectral density () 
Equation of state and its solution
Let us show how the properties of the spectral density define the behavior of the free energy. Now in place of ()
Then the partition function has the form
Here () f  is the dimensionless free energy (2.2). For any given  we calculate () f  minimizing the function
The equation of state allowing us to determine the value of the free energy has the form 0 '( ) 0 fE  . 
Free energy
In the right panels of Fig. 2 , we showed the graphs of the free energies () to compare these functions.
Planar Ising model: n-vicinity method
In this Section, we derive general expressions allowing us to use the n-vicinity method when approximating the spectral density for an Ising model with q nearest neighbors:
After that for the planar Ising model (
obtained in Section 2 and analyze graphs for the free energies and their derivatives. The case 6 q  we discuss in Section 4 when analyzing the cubic Ising model.
Approximation of spectral density by n-vicinity method
In Introduction, we explained the main idea of the n-vicinity method [8, 9] . Below we list the expressions allowing us to use it when approximating the spectral density. We choose the ground state as an initial configuration 0 ( In the upper panel of the left column of Fig. 5 In the bottom panel of Fig. 5 
Free energy
In the right column of Fig. 5 , we show the graphs of the free energy () f  and its derivatives for the exact spectral 
Cubic Ising model
We do not know the exact expression for the spectral density for the cubic Ising model. That is why we restrict ourselves to analyzing its two approximations. As before by
 (the planar model) and 3 d  (the cubic model). Each spin had 2 qd  nearest neighbors. We examined two approximations of the exponent of the spectral density () E  defined in Eq. (2.1). That is we use the n-vicinity method [8, 9] and the same as in [7] we approximated it by polynomials of even degrees.
In the case of the planar model, both approaches give incorrect results: contrary to the classical Onsager solution [3] , they predict a phase transition of the first kind. Moreover, when applying the approximation by polynomials the system finds itself in the ground state at a finite temperature and this contradicts to the physical principles (see For the cubic Ising model ( 6 q  ) the approximation by polynomials also provides incorrect results. As in the case of the planar model, the system finds itself in the ground state at a finite temperature. In addition, this approximation predicts a phase transition of the first kind. On the contrary, the n-vicinity method much more reasonable. In accordance with the previously obtained results [10] , it predicts a phase transition of the second kind at the temperature that is only less than 5% different from the accepted value. Section 3 and [9] ). We hope to expand the limits of the applicability of this method replacing the Gaussian distribution by a more general approximation where not only the first two moments but also higher moments are taken into account. We think that is possible since even a small correction of the Gaussian approximation by the Edgeworth expansion [11] that includes the third moment leads to positive results.
For the high-dimensional Ising models ( 37 d ) the Edgeworth expansion improves the agreement with the results of computer simulations by 20%. The publication of these results follows.
Summing the aforesaid, we conclude that the approximation of the spectral density by polynomials is not suitable when calculating the free energy. As shown in Appendix, when 4ln 2 q  one cannot apply the current version of the n-vicinity method. However, when q is large, that is 16 / 3 q  , it provides the results that are in good agreement with the widely recognized results. We hope to refine this method in order to extend the boundaries of its applicability. 
